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O cenapa6ejibHbix HanpaBjieHHOcrax b KOHCTpyKTHBHbix 
TonojiorHHecKHX npocTpaHCTBax 



A. A. Bjia^iiMiipoB 

Ahhotau,H5I. B 3aMeTKe ycTaHaBjniBaiOTCH HeKOToptie floCTaTOHHbie ycjiOBiia, npii koto- 
ptix cxo/himoctb HanpaBjiCHHOCTH Tonex KOHCTpyKTiiBHoro TonojiorHHecKoro npocTpaHCTBa 
mojket 6htb CBe^eHa k cxo/himocth Bcex ee perynspHbix noflnocjie^OBaTejibHOCTeft. B Ka- 
necTBe nacTHoro cjiy^aa: bbiboahtch H3BecTHbiii pe3yjit>TaT 06 SKBiiBaxreHTHOCTH chjibhoh h 
cjia6ofi KOHCTpyKTHBHOii HHTerpiipyeMOCTii no PiiMaHy. 



§ 1. BBe,n,eHHe 

1. H3 „KjiaccHnecKoro" MaTeMaTHnecKoro aHajiH3a xopoino H3BecTHo pQ 761] cjienyioinee 
yTBepjK^eHHe: 

1.1. Tlycmb HanpaeneHHoe MHOotcecmeo T) o6Aadaem xomsi 6u odnou KorufiuHcuibHou nocjie- 
doeameAbHocmbto. Toeda cxoduMocmb npou360AbHo (fiuncupoeaHHou hucaobou nanpaejien- 
Hocmu {f a } a ^T> paenocuAbHa cxoduMocmu ecex nocAedoeameAbnocmeu euda {f Xn }nem> g de 
{x n } n£ N — npou360AbHatt KOH(fjuHajibHafi nocAedoeameAbHocmb moueK HanpaeAennozo mho- 
CHcecmea D. 

K HHCJiy npocTeftniHx nacraBix cnynaeB 3Toro yTBep>K^;eHHH othochtch xpecTOMaTHHHan 
TeopeMa 06 sKBiiBajieHTHocra nByx onpenejieHHii npenejia hhcjioboh cpyHKUHH [1] 53]. 

B KOHCTpyKTHBHOM MaTeMaranecKOM aHajiH3e yTBepjK^eHne ll.l| paccMaTpHBaeMoe b 
nojiHofi ero o6iii;hocth, TepneT cnjiy. B nacTHOCTH, xopoino H3BecTHbi (cm., HanpHMep, [2] 
TeopeMa 4.4]) npnMepti n-HenpepbiBHbix OTo6paaceHHH HecenapaGejibHbix KOHCTpyKTHBHbix 
MeTpniecKnx npocTpaHCTB , He hbjihioiiihxch HenpepbiBHBiMH. TeM He MeHee, HeKOToptie 
nacTHBie cjiynan yTBepac^eHHa 11.11 coxpaHHioT CBoe 3HaneHne h b paMKax KOHCTpyKTHBHoro 
HanpaBjieHHa. Tax, ochobhoh pe3yjibTaT paGoTbi [3] Di. 3] coctoht, no cymecTBy, b ycTa- 

HOBJieHHH KOHCTpyKTHBHOH BepHOCTH yTBepjK^eHHH 11.11 npHMeHHTejIBHO K HanpaBJieHHOCTH 
O^HOMepHBIX HHTerpajIBHBIX cyMM PnMaHa. 

U,ejibio HacTonmen 3aMeTKH HBjineTcn ycTaHOBjieHHe KOHCTpyKTHBHoft BepHOCTH yTBep- 
jKneHHH 11.11 n,ji5i cjiynan cenapa6eAbnux HanpaBjieHHOCTeft ToneK TonojiornnecKHX npo- 
cTpaHCTB HeKOToporo ^ocTaTOHHo ninpoKoro Kjiacca. ToHHBie onpe^ejieHHH cooTBeTCTBy- 
lomnx noHHTHfl 6ynyT ^aHBi b ^ajibHefiHieM. 

2. Bee (popMyjinpyeMbie hhjkc cyjK^eHHH h jiornnecKHe nepexonbi GyzryT noHHMaTbcn HaMH 
c tohkh 3peHHn cTyneHnaToft ceMaHTHHecKoii cHCTeMbi A. A. MapKOBa (cm., HanpHMep, 
[4j). TepMHH «MHo>KecTBo» 6y,n,eT paccMaTpnBaTbcn b KanecTBe coKpameHHH ^jih TepMHHa 
«(popMyjia H3biKa 51 w+ i, He HMeiomas otjihhhbix ot |0 napaMeTpoB». IIo^ nopowcdaeMUMu 
MHOJKecTBaMH 6ynyT npn stom noHHMaTBcn MHoacecTBa, 3a^aHHBie cpencTBaMH H3biKa 51 1 
IS § 12]. 



V Pa6oTa no^epxaHa POOH, rpam N°- 09-06-00125. 
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2. OcHOBHbie pe3yjii>TaTM 



1. no,n monojioaunecKUM npocmpaHcmeoM mm b ^ajibHefiineM 6yneM noHHMaTb Tpoftxy 
X ^ (6; 0; J) H3 MHOJKecTBa tohck (3, mhojkc ctb a 6a3HCHbix oKpecTHocTeft h ycTa- 

HOBJieHHOrO MeJK^y TOHKaMH H 6a3HCHMMH OKpeCTHOCT3MH OTHOHieHHH HHipmeHTHOCTH 3, 

y^oBjieTBopHiomero cTaH^apTHbiM TonojiorHnecKHM axcHOMaM (cm., HanpHMep, [5J, [6J). IIpH 
9tom mbi, cjie^ya o6mhhoh Tpa,irHHHH cjioBoynoTpeGjiemiH, He 6yn;eM npoBo^HTB pa3JiHHHH 

MeJK^y 6a3HCHOH OKpeCTHOCTbK) H MHOJKeCTBOM HHipifleHTHHX 3TOH OKpeCTHOCTH TOHeK. 

AHajiornHHBiM o6pa30M, tohkh hochtcjih & TonojiorHnecKoro npocTpaHCTBa % mm b flajit- 
HennieM 6ya;eM coKpameHHo Ha3MBaTb «TOHKaMH npocTpaHCTBa T». 

IIoHJiTHe pezyAHpuou napu 6a3HCHbix OKpecTHocTeft mbi bbo^hm cjieflyiomHM o6pa30M: 

1.1. JJapa (U; V) 6o3uchux OKpecmuocmeu monoAozuuecKozo npocmpaHcmea T Hasueaem- 
ch pezyAHpnou, ecAU Am6aA moHKa x £ % uau npuuadAeotcum OKpecmnocmu U, uau ne 
sieAJiemcfi moHKou npuKocnoeeuun, OKpecmnocmu V. 

2. HMeeT MecTo cjie^yromHH npoeroft cpaicr: 

2.1. Ilycmt) nocAedoeameAbHocmb {£ n }neN Tnouen monoAozuuecKozo npocmpaHcmea % o6Aa- 
daem npedeAOM £ £ %, u nycmb (U; V) — pezyAsipnasi napa 6a3ucnux OKpecmnocmeu moHKU 
£. Tozda uau npu aw6om eu6ope uoMepa n £ N moHKa £ n npunadAecHcum OKpecmnocmu U , 
uau ocyuyecmeuM noMep m £ N, Bah Komopozo moHKa £ m ne mAHemcsi moHKou npuKocno- 
eenusi OKpecmnocmu V . 

^OKa3aTejiBCTBo. CorjiacHo onpe^ejieHHio npe^ejia, ocyinecTBHM HOMep N £ N, 
HaHHHaa c KOToporo Bee tohkh paccMaTpHBaeMoft nocjie,n,OBaTejibHocTH jiescaT b oKpecTHo- 
cth V . CorjiacHo onpe^ejieHHio II. 1[ hjih fljia Bcex HOMepoB n ^ N tohkh £ n npHHa^yiexcaT 
OKpeCTHOCTH U, hjih xot3 6bi fljia o^Horo HOMepa m ^ N tohkb £ m He HBjiHeTCH tohkoh 
npHKocHOBeHHH OKpeCTHOCTH V . B nepBOM cjiynae npn jhoGom BBiGope HOMepa n £ N toh- 
Ka £ n npHHa^jieacHT OKpeCTHOCTH U. Bo btopom cjiynae ocymecTBHM HOMep m £ N, fljis 

KOTOpOrO TOHKa £ m He HBJIHeTCH TOHKOH npHKOCHOBeHHH OKpeCTHOCTH V . □ 

3. IIohhthh KontfiunaAunou h pezyAHpnou nocjie^oBaTejiBHocTH Tonex HanpaBjieHHoro mho- 
>KecTBa Mbi bbo^hm cjie,n;yioiii;HM o6pa30M: 

3.1. IJocAedoeameAt>nocmt> {z n } ne N moueK nanpaeAennozo Mnowcecmea D na3ueaemcH koh- 
(fiunaAbnou, ecAU 3ar aw6ou mouKU a £ T> naildemcsi HOMep N £ N co ceoucmeoM 

(Vn ^ N) z n . 

3.2. IIocAedoeameAUHOcmh {x n } ne ^ moueK uanpaeAeuHoeo Muocncecmea D nasueaemcsi pe- 
zyASipuou omnocumeAbHo KongjuHaAbHou nocAedoeameAbnocmu {z n }„ e N, ecAU npu ak>6om 
eu6ope HOMepa n £ N eunoAHfiemcsi coomnoweHue z n ^ x n . 

4. IIoHHTHe cenapa6eAUH0U HanpaBjieHHOCTH ToneK TonojiorHHecKoro npocTpaHCTBa mm bbo- 
flHM cjie^yioiiiHM o6pa30M: 

4.1. HanpaeAeuHocmu {/ a } ae j) moueK monoAozuuecKozo npocmpancmea % ua3ueaemcji ce- 
napa6eAUHou, ecAU npu ak>6om eu6ope undeKca a £ D ocyu^ecmeuMU uudeKc (3 ^ a u 
nopoMcdaeMoe MHoatcecmeo $ a C D , ydoeAemeopAKiu^ue CAedymu^uM ycAoeusiM: 
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4.1.1. Lfpu ak>6om eu6ope undexca 7 G 5 a eunojitmemca Hepaeencmeo a ^ 7. 

4.1.2. ITpu ak>6om eu6ope undenca f3' ^ (3 moHKa fp> MeAMemcsi mouKou npuKocHoeenun 
MHoatcecmea {£ G % : (37 G 5q) £ ^ /y}- 

5. Ochobhoh pe3yjibTaT HacToamett 3aMeTKH coctoht b cjie/xyromeM: 

5.1. ITycmb % — monoAoeuuecKoe npocmpancmeo, e KomopoM Bar bchkux tjiohku £ G % 
u ee 6a3ucnou oKpecmnocmu U ocymecmeuMa 6a3ucnasi oKpecmnocmb V mou otce mou- 
ku, o6pa,3ywui l afi eMecme c U pezyAHpnym napy (U; V) . Ilycmb nanpaeAeHHOcmb {fa} a ea 
monen npocmpancmea % sieAsiemcsi ccnapa6cAbnou. Ilycmb manstce Hey6ueatounasi Koncpu- 
HdAbHasi nocAcdoeamcAbnocmb {-Z n }neN moueK HanpaeAcnnozo Mnowcecmea T) maKoea, umo 
3ah aw6ou pezyAHpnou omnocumeAbno nee nocAedoeameAt>Hocmu {x n } n( z^ coomeemcmeym- 
man nocAedoeameAbHocmb {f Xn }nem moueK npocmpancmea % neAsiemcsi cxodsivj^cucsi. Tosda 
nanpaeAeHHOcmb {fa}ot&® UMCcm npedeA. 

floKa3aTejitcTBo. 3a<pHKciipyeM TOHKy ( G 1, npe^cTaBjunouxyio co6oft npe^eji 
nocjie^oBaTejibHocTH {/ 2n }neN, a TaiQKe HeKOTopyio 6a3HCHyio oKpecTHocTB U btoh toh- 
kh. BBe^eM b paccMOTpemie Tpn peryjinpHBie napBi (U; Vi), (Vi; V2) h (V2; V3) 6a3HCHBix 
oKpecTHocTeii tohkh £. HaKOHen;, 3acpHKCHpyeM HOMep k G N, jxjik KOToporo Bee hjichbi 
nocjie,n;oBaTejibHocTH {fz n+k }nen npuHafljieacaT OKpeCTHOCTH V3. 

Henocpe^cTBeHHo H3 onpeflejieHHft 14.11 h 11.11 BBiTexaeT ocymecTBHMocTB ajiropncpMOB A 

H B CO CJieiXyiOIIIHMH CBOHCTBaMH: 

5.1.1. IIpH jik)6om BBiGope HOMepa n G N npHMeHHMOCTB ajiropncpMa A k STOMy HOMepy 
03HaHaeT, hto A(n) ecTB ynoBjieTBopsiomnH HepaBeHCTBy z n ^ A(n) sjieMeHT MHOJKe ctb a 

T), flJIH KOTOporO TOHKa fMn) He HBJIHeTCH TOHKOH npHKOCHOBeHHH OKpeCTHOCTH V^. 

5.1.2. IIpH jik)6om BBi6ope HOMepa n G N 3HaneHHe B(n) onpe^ejieHo h npe^cTaBjiaeT co6ofi 
yflOBjieTBopaiomHH HepaBeHCTBy z n ^ B(n) sjieMeHT mhojkc ctb a D. 

5.1.3. JIk»6oh HOMep n G N, /yifl KOToporo KBa3HocymecTBHM Taxofl hh^ckc /? ^ B(n), 

HTO TOHKa fp He SBJiaeTC3 TOHKOfl npHKOCHOBeHHH OKpeCTHOCTH Vi, npHHa^jie>KHT oGjiacTH 

npHMeHHMOCTH ajiropHcpMa A. 

,H,ajiee 6y^eT HcnojiB30BaTBca cTaH^apTHaa TexHHKa, ocHOBaHHasi Ha npHHHHne 3axBaTa 
(cm., Hanp., [7J Di. 9, § 2.3]). 3a<pHKCHpyeM npoH3BOJiBHBiH apncpMeTHHecKHH ajiropncpM S c 
pa3peiHHMBiM rpacpHKOM h Hepa3peniHMOH o6jiacTbio npHMeHHMOCTH. Onpe^ejiHM ^elicTBy- 

K)HI,HH Ha MHOJKeCTBe N 2 ajiropHCpM K. paBeHCTBaMH 

A(n) npn n = S(m), 
z n+k HHane. 



/C(m, n) 



06o3HaHHM nepe3 DJl mhojkcctbo HOMepoB m G N, ^jis kotopbix 3HaneHHe K.(m,n) onpe- 
flejieHo npn Bcex n G N. 3aMeTHM, hto ^jih jnoGoro HOMepa m G DJl nocjie^oBaTejiBHocTB 
{/C(m,n)} ng N ToneK HanpaBjieHHoro MHOJKecTBa D peryjiapHa oTHocHTejibHo nocjie^oBa- 
TejibHocTH {^„}„ 6 n [fpTj) . 15.1.1] . CooTBeTCTBeHHo, ^jih jiioGoro HOMepa m G OJt HJIH Bee TOHKH 

BH^a f)C(m,n) npHHa^Jie>KaT OKpeCTHOCTH V2, HJIH XOTH 6bl OflHa H3 TaKHX TO Hex He HBJIHeTCa 
TOHKOH npHKOCHOBeHHH OKpeCTHOCTH V3 |2.1] , 

BBH^y oTMeneHHBix BBinie ocoGeHHocTefl BBiGopa nncjia k h nocTpoeHHH ajiropncpMa A, 
CKa3aHHoe o3HanaeT bo3mo>khoctb yKa3aHHH nopo>Kjj;aeMoro MHoxcecTBa 9T, co^epacan^ero 
Bee HOMepa m G N, k kotopbim HenpHMeHHM ajiropncpM S, h He coflepacam;ero hh o/XHoro 
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HOMepa m G N, fljia KOToporo onpe^ejieHo 3HaneHHe A(S(m)). IIpH stom, BBH/xy Hepa3- 
peniHMocTH oGjiacTH npHMeHHMocTH ajiropn(pMa S, 3aBe^;oMo ocynxecTBHM HOMep m G N, 
npHHa^;jie>Kairi;HH KaK MHOJKecTBy 9T, Tax h o6jiacTH npHMeHHMocTH ajiropncpMa S. BbiTe- 
KaioiiiaH oTCK),n;a HenpHMeHHMOCTB ajiropncpMa A k HOMepy S(m) 03HaHaeT HeocymecTBH- 
moctb HH^exca f3 ^ B(S{m)), fljiH KOToporo TOHKa fp He GBijia 6bi tohkoh npHKocHOBeHHH 
oKpecTHoc™ V\ |5.1.3j . TeM caMBiM, npn jiioGom BBiGope HH^exca f3 ^ B(S(m)) TOHKa fp 

npHHa^Jie>KHT OKpeCTHOCTH U 

BBH^y npoH3BOJiBHocTH BBi6opa OKpeCTHOCTH U, nojiyneHHBie pe3yjiBTaTBi 03HaHaK>T cxo- 

JXHMOCTB HanpaBJieHHOCTH {/ Q } Q gD K TOHKe £. □ 

6. B KanecTBe npocToro npHMepa npHMeHeHHH yrBepaciieHHg |5TT1 mc»kho paccMOTpeTB cjie/xy- 
romyio TeopeMy [3j TeopeMa 3.2] 06 SKBHBajieHTHOCTH cjiaGofl h chjibhoh HHTerpnpyeMOCTH 
no PnMaHy rjis Bcio/iy Ha OTpe3Ke [0, 1] 3a,naHHOH KOHCTpyKTHBHoft (pyHKiniH: 

6.1. IJycmb $yHKVXhzi f : [0, 1] — > M. maKoea, umo npu jik>6om eu6ope nocAedoeamejibHOcmu 



coomeemcmeytou^aji nocAedoeameAbHocmb unmezpajvbHux cyMM cfjyHKuuu f oKaotcemcfi 
cxodnvneucH. Toeda (pyHKi^usi f unmespupyeMa no Pujuany. 

,H,eHCTBHTejiBHo, jierxo no^GnpaeTCH Taxan HeyGBiBaioinaH KOHcpHHajiBHaa nocjie^oBa- 
TejiBHocTB HHTerpajiBHBix ^poGjieHHH, hto BCHKaa peryjiapHaa othochtcjibho Hee nocjie^o- 

BaT6JIBHOCTB {WnjngN yZK)BJieTBOp5ieT yCJIOBHK) ([T]). HeOOXOflHMaS flJIS B03MOJKHOCTH npHJIO- 

jKeHHa yTBepjK^eHHH 15.11 k paccMaTpHBaeMOMy cjiynaio cenapaGejiBHocTB HanpaBJieHHOCTH 
HHTerpajiBHBix cyMM cpyHKHHH / TpHBHajiBHBiM o6pa30M BBiT6Ka6T H3 (paKTa HenpepBiB- 

HOCTH 3TOH (pyHKHHH [7J Dl. 5, § 2, TeopeMa 2]. Bo3MO}KHOCTB BKJHOHeHHH npOH3BOJTBHOH 

6a3HCHott OKpeCTHOCTH BernecTBeHHoro nncjia b peryjiapHyio napy hbjihctch cjie;i;cTBHeM 
TeopeMBi cpaBHeHHH [7J Di. 2, § 3, TeopeMa 20]. 



[1] R M. 0uxmeHgoAbv > . Kypc flHcpepepeHHiiajibHoro h HHTerpajibHoro HCHHCjieHHH, Tt. 1-3. — JIro6. H3,n,. 
[2] B. 77. OpeeKoe. O HeKOToptix THnax HenpepbiBHOCTH KOHCTpyKTHBHBix onepaTopoB// Tpyn,bi MaTeM. 

iiH-Ta hm. B. A. CTexjioBa. - 1967. - T. 93. -C. 164-186. 
[3] E. A. Kyuinep. HercoTopbie MaccoBbie npo6jieMbi, CBiraaHHbie c HHTerpiipoBaHiieM KOHCTpyKTHBHbix 

(pyHKHini// Tpyflbi MaTeM. HH-Ta hm. B. A. CTeKjiOBa. — 1970. — T. 113. — C. 39-72. 
[4] A. A. BAaduMupoe, M. 77. ^oM6poecKuu-Ka6aHHeHKo. CTyneircaTafl ceMaHTinecKaa CHCTeMa. — M.: 

Hsa-bo BD; PAH, 2009. 

[5] Qan fl^uwb 3uey. HeKOToptie Bonpocbi KOHCTpyKTHBHoro cpyHKii,HOHajibHoro aHajiH3a/ / Tpyznj MaTeM. 

HH-Ta hm. B. A. CTeKjioBa.-1970.-T. 114. -C. 3-222. 
[6] B. 77. Hepnoe. TonojiorH^iecKHe BapnaHTbi TeopeMbi o HenpepbiBHOCTH h po,n,CTBeHHbix TeopeM// 3a- 

hhckh Hayn. ceMHHapoB JIOMH. - 1972. - T. 32. - C. 129-139. 
[7] B. A. Kyuinep. JleKHira no KOHCTpyKTHBHOMy MaTeMaTH^ecKOMy aHajiH3y. — M.: HayKa, 1973. 




CnHCOK jiHTepaTypt.1 



^ 3,n,ecb nepe3 n(W) o6o3HaHeHa [3, BBeflemie] , [7, Di. 7, § 1] H3MejibHeHH0CTb HHTerpajibHoro ,n;po6jieHHH 
W. 
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